The paper considers heat conduction in a model chain of composite particles with hard core and elastic external shell. Such model mimics three main features of realistic interatomic potentials -hard repulsive core, quasilinear behavior in a ground state and possibility of dissociation. It has become clear recently, that this latter feature has crucial effect on convergence of the heat conduction coefficient in thermodynamic limit. We demonstrate that in one-dimensional chain of elastic particles with hard core the heat conduction coefficient also converges, as one could expect. Then we explore effect of dimensionality on the heat transport in this model. For this sake, longitudinal and transversal motions of the particles are allowed in a long narrow channel. With varying width of the channel, we observe sharp transition from "one-dimensional" to "two-dimensional" behavior. Namely, the heat conduction coefficient drops by about order of magnitude for relatively small widening of the channel. This transition is not unique for the considered system. Similar phenomenon of transition to quasi-1D behavior with growth of aspect ratio of the channel is observed also in a gas of densely packed hard (billiard) particles, both for two-and three-dimensional cases. It is the case despite the fact that the character of transition in these two systems is not similar, due to different convergence properties of the heat conductivity. In the billiard model, the divergence of the heat conduction coefficient smoothly changes from logarithmic to power-like law with increase of the length.
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I. INTRODUCTION
Fourier law of heat conduction has remained for two hundred years one of the most important topics in thermal physics. Empiric results show accurate validation of Fourier proposition. In the same time, relationship between equations of heat conduction and microstructure of solid dielectrics is known to be one of the oldest and most elusive unsolved problems in solid state physics, with considerable research efforts over last three decades [1] - [22] .
Significant step in the study of heat transport was carried out in seminal numerical experiment by Fermi, Pasta and Ulam (FPU) in 1954 [1] . The idea was to show that a simple one-dimensional system can acquire statistical-mechanical properties independently of the initial conditions. They presented the crystal as a one-dimensional chain of equal oscillators with nearest-neighbor interaction, with potential including quadratic as well as cubic and quartic terms. FPU assumed that the dynamic evolution will eventually lead to energy equipartition between all the linear modes of the system, as the thermal equilibrium is established. However, the system did not show the expected behavior. The energy was exchanged only among the lowest modes, and then restored to nearly initial configuration. The result disproved a common belief on inevitable fast thermalization and mixing in nonintegrable systems with weak nonlinearity.
The anomaly of thermalization, which was observed by FPU, is not unique to the system studied in their experiment. The most well-known examples of such anomalies are onedimensional integrable systems, such as harmonic and Toda lattices, in which the heat flux does not depend on the system size, but rather on the temperature difference. Consequently, * Electronic address: ovgend@tx.technion.ac.il such systems have a divergent heat conductivity coefficient, as the length of the system increases [2, 3] . Moreover, even linear temperature distribution is never established in these integrable systems.
Over recent years, numerous additional anomalies in the heat transfer in microscopic models of dielectrics were revealed by means of direct numeric simulation, including qualitatively different behavior of models of different types (with and without on-site potential) [4] . It is widely believed (with some counter-examples discussed below) that in one dimension the heat conduction coefficient in the microscopic models with conserved momentum diverges in the thermodynamic limit (as the chain length N goes to infinity) as κ ∼ N β with β varying in the interval 0.3 ÷ 0.4 [4, 5] .
Recent work on 1D chain of semi-elastic rods, as well as on more traditional models with Lennard-Jones and Morse potential showed convergence of heat conductivity coefficient [6, 7] . Divergent heat conduction of isolated low-dimensional systems can be explained by a weak scattering of longwavelength phonons, which possess long mean free paths. Then, it is possible to conjecture that finite conductivity has to be related to some well-defined mechanism, which enables efficient phonon scattering. So, convergence of the heat conduction coefficient in one-dimensional models was observed due to specific choice of boundaries [8] , in the chain of coupled rotators [9] [10] [11] , and recently in chains capable of dissociation [6, 7] . In this latter case the thermally activated "gaps" in the chain ensure efficient phonon scattering, sufficient for the convergence of the heat conduction coefficient.
Two-dimensional system of anharmonically interacting oscillators with conserved momentum is also expected to have divergent heat conductivity. In particular, a logarithmic divergence of the conductivity with system size is predicted by mode coupling theory [2, 4, 5, 12] . The first numerical study on heat transport problem of two-dimensional lattice was presented in work of Payton and Visscher [13] . Dependence of the heat conductivity coefficient on the size of the system was considered in later work by Jackson and Mistriotis [14] that conducted a comparison of 1D and 2D FPU lattices; infinite conductivity has been observed. Recent explorations of the 2D systems predict anomalous heat conduction, with either logarithmic (see [15] for FPU and Lennard-Jones lattice), or power-law (see [16, 17] for FPU) divergence of the heat conductivity coefficient. The three-dimensional case arises a lot of controversy [17, 18] .
All studies mentioned above were aimed at exploration of lattices infinite in all directions (within obvious numeric restrictions). Different, and quite interesting, situation arises, when some dimensions exist in the model, but are externally confined. Besides purely academic interest, such models might be useful for understanding the thermal behavior of nanosystems with large aspect ratio. We are going to concentrate on "quasi-one-dimensional" models, in which only one dimension is spatially extended, and the thermodynamic limit is considered only in one direction. Deutsch and Narayan [19] studied the thermal conductivity of such quasi-1D chains of hard spheres. In this model, the spheres had an additional degree of freedom, but a modification of the initial order was not allowed. They found that the conductivity of a system of spheres with equal masses, and also with alternating masses, diverges with a size of the system. Similar results were obtained by Lipowski and Lipowska [20] , for quasi-1D models of hard disks that can and cannot exchange their positions. Anomalous heat conductivity was also seen in the recent work of Morriss and Truant [21] on non-interacting hard disks in a channel.
An interesting idea for simulating the finite conductivity was to introduce scatterers in quasi-1D billiard gas channels. The first work in this field was carried out by Alonzo et al. [22] , where a quasi-1D billiard in Lorentz gas channel was analyzed. The ends of the channel were inserted into heat baths, and the movement of the particles inside the channel was interrupted by semicircular scatterers. The conductivity of such a chaotic system obeyed Fourier's law. In order to investigate the role of chaos on the problem of heat conduction, following works implemented changes in geometry and order of the scatterers [5] . Some of the "modified" configurations showed normal heat conductivity. In some others, the heat conduction coefficient diverged [5] . Thus the assumption that chaos may be sufficient condition for a system to possess the finite heat conductivity has been disproved. Although such billiard gas models might shed some light on heat transfer, they lack particle interaction, phonon transport, and local thermal equilibrium, and cannot represent the oscillatory lattice-like structure [5] .
Previous studies considered models with only one possible mechanism of the heat transport: oscillatory waves in a system with fixed microstructure or moving particles of "rarefied gas" in the channel without collisions. However, it is easy to imagine physical situation, in which these mechanisms will co-exist. For instance, one can consider dense gas in closed channel with two of the walls acting as thermostats. One can expect that main mechanism of the transport will be still related to wave propagation. From the other side, individual particles can move separately and even exchange their positions, and so the transport through the motion of individual particles is also possible. Two particular cases mentioned above (crystal and non-interacting particles in a channel) are natural limits of such model for very high and very low densities respectively. The goal of present paper is to explore the heat conduction in quasi-1D chain with two competing mechanisms of heat transport.
In such simulation it is desirable to exclude effects related to anomalies of the heat transport in low-dimensional systems. In order to achieve that, according to [7] , we consider here the model with possibility of complete dissociation. In order to make the model closer to physical reality, we also include a repulsive hard core. So, the considered model consists of particles with hard core covered by deformable shell. So, both phonon-like oscillatory waves and individual motion of the particles are possible. The heat transport is simulated in a chain of such particles imbedded into a channel with rigid walls. In this model each particle can move in two dimensions. From the other side, the geometry of the channel dictates large aspect ratio and therefore one can state that we consider "quasi-one-dimensional" model. Our main goal is to probe this "quasi-one-dimensionality" through variation of the channel width. For the sake of comparison, we simulate also a chain of "billiard" particles in the same quasi-1D setting with the possibility of 2D and 3D motion.
II. DESCRIPTION OF THE MODEL
Let us consider the one-dimensional chain which consists of N disks with elastic compressive interaction. The diameter of the disks is D > 0, and the disks have a hard core with diameter D 0 , 0 < D 0 < D. The disks repulse each other, if their centers are at a distance less then D. The potential of interaction is defined as:
where R is the distance between the centers and K = U ′′ (D) > 0 characterizes the stiffness of the disks. The potential U (R) vanishes at the distance R ≥ D, increases monotonically as R decreases, and approaches infinity when R → D 0 . We may notice that for D 0 = 0 the expression (1) takes a common form of Lennard-Jones 1-2 potential.
The Hamiltonian of the chain takes the following form
where M is the mass of each disk and R n stands for the position of the n-th disk. We introduce dimensionless displacement r = R/D, dimensionless energy H = H/KD 2 and dimensionless time τ = t K/M . orresponding dimensionless Hamiltonian is written as
where the apostrophe denotes differentiation with respect to τ , r n = R n /D is the dimensionless position vector of n-th disk,
V (r) = 0, for r ≥ 1.
In order to be more specific, we will use the dimensionless value d = 0.8 for the diameter of the hard core.
III. HEAT CONDUCTION IN THE ONE-DIMENSIONAL CHAIN
We start with traditional numeric simulation of heat transport in one-dimensional model of particles described in the previous section. It is easy to notice, that potential (4) has a discontinuity of second derivative at r = 1. To avoid numeric complications, we will approximate it by smoothened potential. The smoothening procedure is described in Appendix A.
Let us consider a segment of length L parallel to x axis. We pack N = p(L − 1) + 1 disks along this segment, where p (0 < p < 1/d) stands for the packing "density" of the chain. Fixed boundary conditions are imposed on both ends of the chain, i.e. x 1 = 0, x N ≡ (N − 1)a, where a = 1/p stands for the period of the unperturbed chain. Fixed boundaries enable the density conservation. The disks 1 < n < N are then restricted to move in x direction. The Hamiltonian of the chain in this case is expressed as
Here {x n } N n=1 are coordinates of disk centers. To model the heat transfer along the chain under consideration we will use a stochastic Langevin thermostat. A left end (L 0 = 10) of the chain is inserted into Langevin thermostat with temperature T + , and the right end of the chain with the same length -into thermostat with temperature T − . We adopt T ± = (1 ± 0.05)T , where T is average temperature of the chain. The corresponding equations of motion has form:
where γ = 1/t r is a damping coefficient with time of relaxation t r , ξ ± n is Gaussian white noise which models the interaction with the thermostats, and is normalized by the conditions ξ
System of equations (6) with initial conditions
was integrated numerically by Velocity Verlet method. The thermal equilibrium between the chain and the thermostats is then reached and is manifested by a stationary heat flux J and stationary local temperature distribution T (x).
The total heat flux J is defined in terms of the mean value of the work produced by the thermostats over unit time. For this matter at each step of numerical integration ∆τ new coordinates of the disks were calculated without account of the interaction with thermostats X 0 (τ + ∆τ ) and then the same coordinates were calculated for chain interacting with the thermostats, denoted as X(τ + ∆τ ). We define E + as the energy of the left most segment of the chain which consists of disks with coordinates x n < L/2 and E − as energy of the right most segment, where disks have coordinates x n > L/2. Then the work done by the external forces in the time interval
By taking time average J ± = j ± τ we obtain the average value of energy flux-out from the left "hot" thermostat and the average value of the energy flux-in into the right "cold" thermostat. The value of energy flux along the chain is J = J + = −J − . Accuracy of this balance is considered as a criterion for validity of our numeric simulation.
The local heat flux, i.e. the energy flow from disk n to the neighboring disk n + 1, is defined as J n = j n τ , where
function F (r) = −dV (r)/dr, energy density distribution along the chain
(see [4] ).
The thermal equilibrium requires all local fluxes to be equal to the total heat flux multiplied by the chain period, J n = aJ. The fulfillment of this requirement may be considered as a criterion for stationary regime of the heat transport.
The local temperature distribution of the chain is calculated from kinetic energy of the disks. Let us divide the line segment L, which consists of N disks, into unit-length cells
We define the following quantities: the average number of disks in i-th cell isn i , and the average kinetic energy in the cellĒ i . Then the temperature of the cell
A representative example of heat flux and temperature distribution in a 1D chain is presented in Fig. 1 . We infer that at the internal fragment of the chain L 0 < x < L − L 0 the heat flux is constant and independent of the number of disk (J n = aJ) and the temperature profile is almost linear. Then, we evaluate the heat conduction coefficient of the chain for the internal fragment with lengthL = L − 2L 0 : The heat conduction coefficient converges in the thermodynamic limit if the following limit exists:
In the numeric simulation of the heat transport we considered chain length intervals L = 20 + 10 × 2 k−1 , k = 1, 2, ..., 11. The length of terminal segments of the chain, where it interacts with the thermostats, was taken as L 0 = 10. The relaxation time of disk velocity was τ r = 10.
The heat conductivity coefficient may be also obtained using Green-Kubo formula [23] :
where c(τ ) = J s (t)J s (t − τ ) t is an autocorrelation function of the total heat flux in the chain J s (τ ) = N n=1 j n (τ ). In order to calculate the autocorrelation function c(τ ) we considered a cyclic chain consisting of N = 10 4 particles with fixed overall length L = N/p. Initially all disks are coupled to the Langevin thermostat with temperature T . After achieving the thermal equilibrium, the system is detached from the thermostat and Hamiltonian dynamics is simulated. To improve the accuracy, the results were averaged over 10 4 realizations of the initial thermal distribution. Here the convergence of the heat conductivity is related to decay rate of the autocorrelation function c(τ ) as τ → ∞. The chain has normal conductivity if the decay is fast enough for convergence of integral (10) .
The numerical simulation of the heat transport demonstrates convergent conduction in the chain of elastic disks in all range of the temperatures and densities (see Fig. 2 ). The convergence is also confirmed by the behavior of the autocorrelation function c(τ ). When τ → ∞ the function c(τ ) decreases exponentially, i.e. behaves in leading order as exp(−λτ ), λ > 0 (see Fig. 3 ). Thus Green-Kubo formula (10) implies finite conduction coefficient. Moreover, both methods (equilibrium and non-equilibrium modeling) yield similar results for long chains (Fig. 2) , which provides additional validation of the simulation results. Figure 4 shows that heat conductivity coefficient increases monotonically as the temperature increases. For T → 0 the coefficient approaches a value κ 0 > 0, which describes the heat conductivity of a chain consisting of harmonic elastic disks. It is a kind of expected, since for small displacements the interaction potential (4) can be replaced by harmonic potential of repulsion.
The heat conductivity of a chain with such semi-harmonic potential of interaction between particles was investigated recently [7] . The finite conductivity of the chain is obtained for all values of the packing density, (in particular for dense packing where p = 1), and the value of the heat conductivity coefficient is independent of temperature. As T → ∞ the heat conductivity of the chain sharply increases. The reason is that for higher energies, the interaction between the disks is governed by the hard core of the disk potential. It is well-known that a system of hard disks is completely integrable.
A limit case of elastic interaction can be obtained by increasing the density of the chain. Maximal value of the chain density, p m = 1/d, is obtained when the hard cores of the neighboring disks come into a contact. The dependence of the heat conduction coefficient on the density of the chain is presented in Fig. 5 . The heat conductivity increases monotonically with increase in density. For p → p m the conductivity sharply increases, as one should expect.
IV. HEAT CONDUCTION IN QUASI-1D CHAIN
Let us now consider a heat conduction problem of system of disks located in a long rectangular channel: 0 < x < L x , 0 < y < L y , where L x and L y are the length and the width of the channel respectively, and (x, y) are coordinates of a center of a disk. Simulation of the system in the channel requires defining interactions of the disks with the channel walls. We will assume that the walls are rigid, and the interaction is given by potential where disks cannot exchange their positions along x axis due to the hard cores. Consequently, in a narrow channel we obtain a quasi-1D chain of disks. If at the initial moment the system consists of N disks with ascending order of x-components of their centers [0 < x 1 < ...
, then this order will always remain unchanged. The dimensionless Hamiltonian of the chain is expressed as:
where the vector x n = (x n , y n ) defines the coordinates of n- th disk, and
1/2 is the distance between the centers of disks i and j.
As previously we insert boundaries (L 0 = 10) into Langevin thermostats with temperatures T ± = (1 ± 0.05)T . An example of a quasi-1D channel is shown on Fig. 6 .
Corresponding equations of motion are written as follows:
where Ξ ± n = (ξ n,1 , ξ n,2 ) is a Gaussian white noise which models the interaction with the thermostat, and is normalized by the conditions ξ
Verlet Velocity method was used in order to obtain the numerical solution of (14) . The following initial configuration of the chain was considered:
The thermal equilibrium between the chain and the thermostats has been reached and is manifested by a stationary heat flux, J and the local temperature distribution T (x).
We will, as previously, calculate the local temperature distribution of the chain in terms of distribution of the kinetic energy of the disks. The rectangular channel of length L x which consists of N disks, is divided into unit-length cells
Then the average number of disks in i-th cell isn i ,Ē i is the average kinetic energy in the cell. The temperature of the cell is given by T (i) =Ē i /n i . The energy transfer from disk n to the neighbor disk n + 1 is given by J n = j n τ , where
and the vector
the energy density distribution along the system:
(see [4] ). The total heat flux J was calculated as the mean value of the work done by the end thermostats -see Eq. (7).
The heat conductivity was calculated from direct modeling of heat transfer using Eq. (8), and also from Green-Kubo formula (10). The exponential decay of the autocorrelation function c(τ ) (see Fig. 7 ) provides the convergence of the integral in Green-Kubo formula (10). In Fig. 8 we depict the heat conductivity versus length of the channel L x for quasi-1D chain (L y = 1 and L y = 1.5). The heat conductivity of the chain saturates in the thermodynamic limit and the results are validated by Green-Kubo formula (straight black lines).
In the considered 1D chain the scattering occurs only as a result of multiple collisions [7] . Narrow two-dimensional channel supplies an additional scattering mechanism -the energy partially transfers from longitudinal to transversal components of motion. This effect becomes more significant if the width of the channel increases. Therefore, we may expect the thermal conductivity of disks chain to decrease as the channel becomes wider. The numerical calculations validate this expectation, the thermal conductivity coefficient monotonically decreases with increased width of the channel -see Fig. 9 . The decrease is very significant in the width diapason 1 < L y < 1.2. As we see from Fig. 9 , the decrease in the conductivity is more sharp when the temperature increases. The presence of the hard cores leads to an increase in stiffness of the collisions as the temperature grows. As a result, the time span of the individual collision and the probability of triple collisions decrease, and the scattering occurs primarily due to two-dimensionality. According the results of the numerical modeling we may conclude, that the transfer from one-dimensional dynamics to two-dimensional occurs in the width 1 < L y < 1.2. For width L y > 1.2 the decrease in the heat conductivity primarily stems from the 2D effects.
V. QUASI-1D BILLIARD
In order to understand the effect of the "additional dimensions" on thermal conductivity of the quasi-1D chains, it is instructive to consider the case of hard disks, which corresponds to d = 1 (the diameter of the hard core equals to the diameter of the disk). In this case all collisions occur instantly and are strictly pairwise. The only scattering mechanism is the exchange of energy between vertical and horizontal components of momentum of colliding disks. We should notice that a 1D chain of hard disks is completely integrable system. In 2D system the picture changes -in this situation collisions lead to an appearance of chaotic dynamics.
We consider a chain of disks in a narrow channel with width L < 2d. Such a width prevents the possibility of disks with diameter d to exchange positions, and we deal with the quasi-1D chain. However, vertical displacements of disks in this model will enable the scattering.
Firstly we examine the direct modeling of heat transfer. The 2D rectangular channel has the width L y and the length
The collisions of the disks with the walls of the channel are elastic.
The ends of the channel are attached to thermostats with temperature T + at the left end and T − at the right end of the channel. In order to thermalize the chain, we use hot boundary ends thermostat. At the moment of the collision of a disk with the left end wall its horizontal coordinate is x = 0.5. Right after the collision the horizontal component of disk's velocity is v x > 0, which value is defined according to Maxwell distribution P (v) = (|v|/T ) exp(−v 2 /2T ) with T = T + . The vertical component of disk's velocity remains unchanged after the collision. At the moment of the collision of a disk with the right end wall its horizontal coordinate is x = L x − 0.5. Right after the collision the sign of the horizontal component of disk's velocity is negative, v x < 0, and the value is defined according to Maxwell distribution P (v) = (|v|/T ) exp(−v 2 /2T ) with T = T − . If a disk is located at the left end of the channel, i.e 0.5 < x < L 0 , and it collides with a top(bottom) wall, at the moment of such a collision its horizontal coordinate is y = 0.5 or y = L y − 0.5, the disk will change the sign of its vertical component of the velocity, v y , and the value of this component is calculated according to Maxwell distribution for T = T + (v x remains unchanged). The same approach is used in order to account the collisions with top and the bottom at the right and of the chan-
In such a model, the interaction of the disks with thermostats occurs only through the collisions with boundary walls. We then compute the work done by the thermostats.
If before the collision with a hot wall the velocity of the disk was (v x (t i − 0), v y (t i − 0)), and after the collision -(v x (t i + 0), v y (t i + 0)), then at the moment of the collision, t = t i the work done by the thermostat is ∆E( 
(sign plus for left thermostat and minus for right thermostat). The average intensity of the work is J ± = lim t→∞ j ± (t). Let p be the linear density of disks in the channel (number of disks N = (L x − 1)p). We consider a system of disks with linear density p = 1, then L x = N + 1. The initial configuration of the system is determined as follows: We will use the following numerical values in order to simulate the dynamics of the system L x = N + 1, L y = 1.5, 1.8, L 0 = 1.5, T + = 0.0011, T − = 0.0009. Average values of heat fluxes J + , J − are calculated after formation of the steady heat flux along the chain (in the system with steady heat flux J = J + = −J − ). The temperature distribution in the chain is defined as Numerical modeling of the dynamics of the system reveals the linear temperature gradient in 2D channel, see Fig. 10 . It apparently appears due to violation of integrability by to the non-central collisions. At both ends of the chain, where the interaction with the thermostats takes place, we obtain heat resistance, due to which the temperature of the left end is always lower than the temperature of the left wall T 1 < T + , and the temperature of the right end is always higher than the temperature of the right wall T N > T − (this end effect disappears with increase of the length of the chain). In order to account for this effect, we calculate the thermal conductivity coefficient in terms of temperature difference:
The dependence of the thermal conductivity coefficient κ on the length of the channel L x is presented in Fig. 11 . According to the figure, the conductivity of the chain grows monotonically with the length of the chain. For lengths L x < 300 the increase in conductivity is logarithmic κ ∼ log(L x ), however, for large values of L x we observe an increase in the growth rate of conductivity. In other terms, one observes the effective crossover from "genuine" 2D behavior for relatively small L x , characterized by logarithmic divergence of the heat conduction coefficient, to more fast "quasi-1D" divergence for longer lattices. As one could expect from previous sections, the rate of the growth decreases with an increase of the width of the channel, but qualitatively the behavior remains the same.
Numerical simulation of the heat conduction shows that the chain of hard disks in the narrow two-dimensional channel has divergent heat conductivity, as expected [19] [20] [21] . In order to further validate this result we examine the behavior of the autocorellation function. In the case of colliding billiard particles, computation of this function requires certain modification as compared to more common cases. We consider 2D channel with length L x under periodic boundary conditions in the horizontal direction. The number of disks in this channel is N = L x p (the linear density is defined as unity, p = 1, so the number of the disks equals the length of the chain). The disks are initiated with normally distributed random velocities, so that the complete chain is thermalized with the temperature T = 0.001.
In a narrow channel with L y < 1 + 3/4 the collisions can occur only between the neighbor disks. Let us consider that at the moment t = t i we indicate the collision between the disks n i and n i + 1. If before the collision the velocity of the disk n i was (v ni,x (t i − 0), v ni,y (t i − 0)), and after the collision (v ni,x (t i + 0), v ni,y (t i + 0)), then the collision leads to the change in kinetic energy
Thus, the collision leads to transfer of energy −∆E ni from particle n to particle n + 1. If we take time increment ∆t, which is much larger than an average time between collisions, we can determine the value of heat flux from node n to node n + 1 in time interval [t, t + ∆t]:
After calculating the time-dependent total heat flux J s (t) = N n=1 j n (t) we can find the autocorrelation function c(τ ) = J s (t)J s (t − τ ) t . We consider a system of N = 10 4 disks in order to compute the autocorrelation function c(τ ). The temperature of the system is T = 0.001 and the time-increment is ∆t = 0.8. The dynamics of the thermalized system was observed in time interval 0 ≤ t ≤ 20000∆t.
The behavior of the autocorrelation function c(t) for the chain of disks in a channel with width L y = 1.8 is presented in Fig. 12 . The Figure shows that for times t > 150 the autocorrelation function decays as according to power law: c(t) ∼ t −α , t → ∞, where α = 0.44 < 1. Such a behavior leads to divergence of heat conduction, which validates the results revealed in direct modeling of heat transfer.
VI. QUASI-1D BILLIARD IN THREE DIMENSIONS.
Now we consider a chain of hard three-dimensional spheres located in a rectangular channel 0 < x < L x , 0 < y < L y , 0 < z < L y , where L x is the length and L y is the width. The analysis methods for heat conduction in the system of twodimensional disks are generalized in the case of chain of 3D spheres. Figure 11 shows that the addition in dimensionality leads to an increase in the scattering of kinetic energy, and, as a result, the thermal conductivity coefficient κ(L x ) decreases. However, the conductivity continues to grow monotonically with an increase in the length of the system. At low values of L x the growth is logarithmic κ ∼ log(L x ). The rate of the growth increases as the length L x is increased. This implies that the conductivity of the chain of 3D spheres in a narrow channel diverges. The divergence is also validated by the behavior of the autocorrelation function.
VII. CONTROL OF THE HEAT FLUX IN NARROW CHANNELS
If the width of a narrow rectangular channel is increased, the "two-dimensionality" is more pronounced. It follows, that an increase in the width of the channel should lead to the decrease of the heat flux along the channel. Due to this fact we may significantly change the value of the heat flux by changing the width of the channel. We will demonstrate this on a system of hard disks confined in a two-dimensional rectangular channel.
We consider a channel with length L x and width L y . We locate a chain of hard disks of diameter d = 1 within the channel, so that the linear density of the chain is unit. For this sake it is enough to define the number of disks N to be equal to the length of the channel L x . The heat transfer is modeled using hot boundary ends thermostat with the left wall temperature T + = 0.00105 and right wall temperature T − = 0.00095. The length of the channel remains fixed and we examine the heat flux along the channel J as a function of width of the channel L y .
For the width of the channel L y = d = 1 we obtain a onedimensional chain of densely packed hard disks. Here the momentum instantly passes from one wall to the opposite, so the heat flux is infinite. If we increase the width of the channel, the disks are able to displace and to move in both horizontal and vertical directions. Due to the displacements and collisions of the disks we obtain a finite stationary heat flux along the channel. The dependence of the heat flux J on the width of the channel L y is shown on Fig. 13 for the values L x = 43, 83, 163. It can be inferred from the figure that the increase in the width of the narrow channel leads to a sharp decrease of the heat flux. The wider the channel, the stronger effect of "two-dimensionality" on the dynamics is observed. The minimal value of the heat flux is obtained for L y = 4 ÷ 5. Further increase of the width leads to slow growth of heat flux. Heat flux monotonically approaches a limit value J ր 1.23 · 10
−6
for L y ր ∞. At this limit the heat flux remains almost unaffected by the collisions due to relatively small particle density. For fixed horizontal length of the channel the value of the heat flux depends only on the temperature difference of the boundary walls.
VIII. DISCUSSION AND CONCLUDING REMARKS
Significance of low-dimensional models for physical applications is often questioned, especially as they demonstrate a behavior different from their three-dimensional counterparts. Indeed, every real system is three-dimensional. In the same time, the results presented above indicate that in conditions of confinement and large enough aspect ratio two-and even three-dimensional systems demonstrate clear features of quasi-one-dimensional behavior.
Crossover to this quasi-one-dimensional behavior requires further exploration. In this paper, we observe two different scenarios. The transition can be rather sharp or smooth crossover from logarithmic to power-like divergence in the case of "billiard" model. One can conjecture that this lack of universality is related to convergence or divergence of the heat conduction coefficient in the thermodynamic limit; this issue might be a subject of further investigation.
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Thus we approximate potential V (r) by smoothened potential in the form 
where the value parameter h > 0 determines the accuracy of the smoothening, f (r) is a positive function localized in the neighborhood of r = 1. At the limit h → 0 the smoothened potential V h (r) → V (r) for r < 1 and V h (r) → 0 for r ≥ 1. In order to preclude the smoothening artifacts, the accuracy h should correlate with the temperature T of the chain. As we see from Fig. 14 for T ≥ 0.5 it is enough to adopt h = 0.01, for 0.05 ≤ T < 0.5 -h = 0.001, for 0.005 ≤ T < 0.05 -h = 0.0001 and for T < 0.005 -h = 0.00001.
